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In this article, we investigate special Smarandache curves with regard to 
Sabban frame of involute curve. We created Sabban frame belonging to 
spherical indicatrix of involute curve. It was explained Smarandache curves 
position vector is consisted by Sabban vectors belonging to spherical 
indicatrix. Then, we calculated geodesic curvatures of this Smarandache 
curves. The results found for each curve was given depend on evolute curve. 
The example related to the subject were given and their figures were drawn 
with Mapple program. 
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1. Introduction and Preliminaries 


The involute of the curve is decent known by the mathematicians especially the differential geometry 
scientists. There are many essential consequences and properties of curves. Involute curves examined 
by some authors[3, 6]. Frenet vectors of a curve were taken as the position vector and the regular curve 
drawn by the new vector is identified. This curve were called the Smarandache curve [10]. Special 
Smarandache curves examined by certain writers [1, 2, 5, 7, 8, 9]. K. Taşköprü, M. Tosun studious 
particular Smarandache curves belonging to Sabban frame on $° [11]. Şenyurt and Çalışkan 
investigated particular Smarandache curves belonging to Sabban frame of spherical indicatrix curves 
and they gave some characterization of Smarandache curves [4]. Let a: I —> E ? be a unit speed curve 
and the quantities {T, N, B, K,T} are collectively Frenet-Serret apparatus of this curve. The Frenet 
formulae are also well known as, respectively [6] 


T'(s)=k(s)N(s), N'(s) =—K(s)T(s)+7(s)B(s), B'(s)=-—r(s)N(s). (1.1) 
Let a : I — E> be the C’-class differentiable curve and iT (s),N (s),B (s), K (s),7, (s)} is 


Frenet- serret apparatus of the a involute curve, then [3] 





T =N, N = —cos oT +sin oB, B = sin oT + cos ØB. (1.2) 

where X(W, B) =@. For the curvatures and the torsions we have 
1i ni K’ i TF mT l ae 
W LOWE oy 





sin o ze OT = ar, = o '=( o' ) 
‘Jo? +|w/P dewe © Jewe wI 


Let y:I >S ? be a unit speed spherical curve. We symbolize s as the arc-length parameter of y . 
Let’s give 
(8) = 7(s),t(s) = 7'(s), (8) = (5) At(s) (1.5) 
{v(s),t(s),d(s)} frame is denominated the Sabban frame of y on S ? The spherical Frenet formulae 
of y is as follows 


y'(s)=t(s), t'(s)=-7(8) +K,(s)d(s), d'(s) = -K, (8)t(5) (1.6) 


where K, is denominated the geodesic curvature of the curve 7 on S? which is 
K,(s)=(t'(s),d(s)) [11]. (1.7) 


2. On The Sabban Frame Belonging To Involute-Evolute Curves 


In this section, we investigated special Smarandache curves such as created by Sabban frame, 
vee, T ir }, WHN N, ATy. } and (Bole B Aly }. We will find some results. These 


results will be expressed depending on the evolute curve. Let’s find results on this Smarandache curves. 
Let a (s)= T (s), a (s)= N, (s) and a, (s)= B (s) be a regular spherical curves on S*. The 


1 1 1 
Sabban frames of spherical indicatrix belonging to involute curve are as follows: 


T =T, T, =N, T AT, =B, (2.1) 
1 1 1 1 1 1 1 
N = N> Ty = -coso T +sing B, N AT, = sing T +cos@ B, (2.2) 
1 1 
B =B, T; =EN a BAT; =T. (2.3) 
1 


1 


From the equation (1.6), the spherical Frenet formulae of (T), (N D and (B) are as follows, 











respectively 
T T 
T'=T,, T,'=-T +—T ^T,, (T AT, )'=-—T, , (2.4) 
l 1 1 : K l 1 1 1 Kol 
; p , p 
N'=T,, Ty -N +7— N IN , (N ATI) =- Ii., (2.5) 
1 DO^ F | 1 w 1 
1 
K 
BSTog Tp =-B pe -B Aii (B AT, ))=-—T, . (2.6) 
: 1 ‘i T ! 1 to wi 


1 1 
Using the equation (1.7), the geodesic curvatures of T ), (N D and (B) are 
PZL ee je aye (2.7) 
& T 


Definition 2.1. Let (T) spherical curve be of a T and T, be Sabban vectors of T ). In the fact 
1 





P -Smarandache curve can be identified by 


Bi=(7 +T, J (2.8) 


Theorem 2.1. The geodesic curvature according to J, -Smarandache curve of the involute curve is 


4 
K 


K’ =— (ra +7 A, +2K A), (2.9) 
(2x? + ral 


where coefficients are 


E) BE} 2) 
A= 2 1 j 1 1 ; Ags 2 3 a 1 1 1 ; 
K KJA Si si KIS (2.10) 











1 
Proof: £,(s)= a7 +T, ) or from the equation (2.1), we can write 
1 


A= +N J. (2.11) 


If taken derivative of the equation (2.11), T vector is 
1 


T, (s)= 
A |2, +7? 


Considering the equations (2.11) and (2.12), we have 


1 
OO tere -r N +2« B). (2.13) 
1 1 


Using the equation (2.12), Ts vector is 





( KT +K N, eT B ). (2.12) 


V2 * 
T,(s)= (AT +4,N +48 ). (2.14) 
1 2 2 1 1 1 
(2x +T ) 
1 1 
From the equation (2.13) and (2.14), Ki geodesic curvature of f(s) is 


4 


Ê K 
Ki =— hr +74, +2« A). 


(2x 4r as 
1 1 
Corollary 2.1. The geodesic curvature belonging to J, -Smarandache curve of the evolute curve is 
[wi E A 
Kå =— tg part wit (2.15) 
elw +9”)? w| 


where coefficients are i 
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Proof: From the equations (1.2) and (2.11), we calculate 
A (s)= sz (cose +N +sin gB). (2.17) 
If taken derivative of the this expression, Ta vector is, 
E p Ey wi wee cst ald EL Gii 
2w +e" 20W +e” V2 |W] +o” 
If made cross product from the equations (2.17) and (2.18), we have 
BATy _ 2|Wlsing+gcose o y 2lWlleosp-@ BA (2.19) 
JWP +20” Jawi +20” Jw +207 
From the equation (2.18), T " vector is 
re Iwt (A3sin Q-A cos e?2 re [wt AN2 N4 [w| (A coso + A2 sin o2 B. (2.20) 





i ewE +9") ewi +o ewi o? 


If made inner product from the equations (2.19) and (2.20), Ki geodesic curvature is found like 
equations (2.15). 
The proofs of the subsequent theorems and corollaries belonging to £,, 6, 2 “i? LB cy? LB ez? B g? B 5 


and p Es Smarandache curves will be similar to the theorem 2.1 and corollaries 2.1. 


Definition 2.2. Let (T) spherical curve be of a T, and T AT, be Sabban vectors of T ). In 
1 1 


the fact J, -Smarandache curve can be identified by 
1 

B,(8) == 

= oa 


. . . 1 
Theorem 2.2. Let a be involute of @ . The geodesic curvature and belonging to B,(s)=—=(N, +B), 


V2 


(T, +T AT, ). (2.21) 
1 1 


P -Smarandache curve of involute curve is, 
£. K 
Ky = 13 Orate (-€, + &)) (2.22) 
(Kè +27;)? 


where coefficients are 











= A r 3 fi ' fi = T 2 fi 4 fi ' = ti 2 p 4 T ' 2.23 
& = +2) +A), €, =-1-3( 7 - 2+)" -()", & = AAH. 2.23) 
K i K KE Ki K Ki Ki K KE 


Corollary 2.2. Let a be involute of a. The geodesic curvature belonging to 


f= T ((sin @—cos g)T + (sing+cos@)B) p, -Smarandache curve of evolute curve is, 
wf z EE 
iP = =M | -2g' +|w|(-22 +8) (2.24) 
(WI +20@')") 
where coefficients are 


i Q' P 3 OF lf oe P > P 4 P 
ee ty) AUAI 62 S13) = 2) GI, 
[wy wy ww wt wy WI 











(2.25) 


E P a P 4 P, 
E3 =—-(__) -2( _)' +(_) 
Iw) WE wl 


Definition 2.3. Let (T) spherical curve be of a T , T, and T AT, be Sabban vectors of T ). 
1 1 


In the fact 2, -Smarandache curve can be identified by 
B) =-7 

s) = —= 

WB 


Theorem 2.3. Let a be involute of œ . The geodesic curvature belonging to 8 (s) = lo +N +B) 
3 1 1 1 


V3 


T + ly + T A n ) (2.26) 


P -Smarandache curve of involute curve is, 


4 
K 
KÊ = SSS eee =K )Q, —(K, +T )P, +K =T )P) (2.27) 


42c ? HKT eeN 
where coefficients are 
T T T T T 
h =-2+4(—) -(+) + +2 + 1), 
K K K K 


K 
1 1 1 1 1 











T P T T 
h, = 2422 as At F +2( = =2(— y=) +—), 
K K K 


1 1 1 





T T T 
p, = 2(+) AC pages —2( 4 yar (yO) (2.28) 
sa = a Si A 1S 


Corollary 2.3. Let a be involute of œ. The geodesic curvature belonging to 


B;(s) = F ((sing—cos p)T +N + (sin p +cos @)B), p, -Smarandache curve of evolute curve is, 


K 





wif B 7 = 
B Ww] = ((29'—|WI)d, -W+ 9d. +2|W]-9)03) 229) 
4/2(|W| +o wo)? 


where coefficients are 
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b, = 22) -4 7? 447 4? 9+ 4 ( 2 y-_? 5 (2.30) 
Iw wy wy Wi [wy wn 


Definition 2.4. Let (N D spherical curve be of æ> N E T, be Sabban vectors of (N ; ). In the fact 
1 


L ¿ -Smarandache curve can be identified by 
1 


B; (s)= 5, +Ty ) (2.31) 


Theorem 2.4. Let a be involute of a . The geodesic curvature belonging to 


P; (s)= 


(—cos oT +N io sin pB) L s -Smarandache curve of involute curve is, 


A Ww, 
s wi i (o n-o'x=+2w] A (2.32) 


elw +n 


where coefficients are 


sl- 
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P 2 (Ay D 2 (Ay (A 
x= Gep teh oap A= 2a y" y2 
' wil w WE e? Ww Ww i (2.33) 
n = 22+ Fy + By 
i PP wr wi 
Corollary 2.4. Let a be involute of œ . The geodesic curvature Sabban apparatus belonging to 
ATE g'sing- o° +w COSP Iw y 2 ose tye? WI siig a 
i 29° + 2w? 29" + 2w] 29" + 2w] 
L ¿ -Smarandache curve of evolute curve is, 
1 
Ps 1 = = = 
kK, = z (1X1 -1X2+2K3) (2.34) 





(2+n°)? 


N 


p gy’ 


where in the event of 7 =—— = ——$ 
12 
ye +W] 


g 
ti =-2-9 +n, %=-2-30 -n -n'n, 435 Wty? +7 (2.35) 
Definition 2.5. Let (N D spherical curve be of a. Ty and N iA T, be Sabban vectors of (N : J: 
1 1 





)'cos p(c—S) coefficients are 








In the fact 2 ¿ -Smarandache curve can be identified by 
2 
B, (= 
s) = —= 
2 J2 


Theorem 2.5. Let a be involute of œ . The geodesic curvature belonging to 


(Ty +N ATy ) (2.36) 
1 1 


B. (s)= Z ((sin p —COSP. T + (sin o +Ccos 2 ) B ), B ; “Smarandache curve of involute curve is , 
2 2 





























4 
5 W ' 2.37 
K,? =— zee'h -lw la +w la (2.37) 
dw +29? 
where coefficients are 
T T T T T 
= -2+4(4)-(+) +A +2 -1), 
K K K K K 
1 1 $ 1 1 
© T G T T T 
h, =-2+AD -4 +A -A -( 414+), Cog 
K K K K K K 
1 1 1 1 1 1 
T T T T T T 
p = 2(+)-4(4)° +4(4)° -A HN- 
K K: K K K K 





Corollary 2.5 Let a be involute of a . The geodesic curvature belonging to 








B. (s)= G +wp aa 2 -wi N+ @ = |W Dcose 5 p- -Smarandache curve of 
2 29” +2||W]| 29” +2|w|| 29” +2\|W]| 2 
evolute curve is, 
Be 1 a = 
K, ? =—— (209, — , + ds) (2.39) 
2+7) 
where coefficients are E E 
0, = +20 +2n'n, p, =-1-30° -20 -n', $, =-0° -20 +17. (2.40) 


Definition 2.6. Let (N D spherical curve be of a N i T, and N ^ T, be Sabban vectors of 
1 1 
(N l ). In the fact Ø, -Smarandache curve can be identified by 
3 
B, ()=4 
s)=—= 
a V3 


Theorem 2.6 Let a be involute of @ . The geodesic curvature belonging to 


(N E +N Ty) (2.41) 


| es : 
e (s)= por p —COSP T + N +(sin p +COSP. )B ) a -Smarandache curve of involute 


curve is, 
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oS (2.42) 
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where coefficients are 
p Pa a Pa P n‘ A 
pi =-2+4 m -0 + 26) + ey dD 
i "l w] w w | 
p= 2AL) ue Ly + 2¢ Os 2 A )* ae y+ a (2.43) 
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Corollary 2.6. Let a be involute of œ . The geodesic curvature belonging to 


p = Zz Dsing—Yo"+|WF cose, _ 9 I_,, @+IWbeose+ Jo? +w sing , 
É 36” +wp 39° +3|Ww 39 +3|Ww]f 


B ; -Smarandache curve of evolute curve is, 
3 


g Calm Wert ye" aM sine, 
3g” +3||W|| 
we z (2n-1)p, + (-l-n)p,+(2—-n)p; 
a 


& at 
4/2(1-n +n’)? 





(2.44) 


where coefficients are 
p, =-2+4n—4n? +27? +2n'(2n-1), p, =-2 +2) -40° +20 —2n* —7'(1+7n) 
Px = 241? +4 -20° +0 2-1) 
Definition 2.7. Let (B) spherical curve be of a B and T, be Sabban vectors of (B) . In the 
1 


(2.45) 


fact 2 z -Smarandache curve can be identified by 
1 





1 
s)=—=(B +T, (2.46) 

b; =B, +T) 

Theorem 2.7. Let a be involute of a . The geodesic curvature belonging to P: (s)= ae N +B) 
1 2 e: 
L z -Smarandache curve of involute curve is, 
1 
Pe T 4 
Ce ___ (K @,—K @, +27 @,) (2.47) 


(QE? te) 


where coefficients are 


K K K K K K K 
=-2-(—)°+(4)(), @, = -2-3(4)’ -( f -('—) 
T pig 3 T por 
1 1 1 1 1 1 1 (2.48) 





K Ko K 
o =A= + 
T T 
1 1 1 
Corollary 2.7. Let a be involute of œ . The geodesic curvature belonging to 




















B E (s)= F ((cosg+sing)T +(cosg—sing)B, p 3 -Smarandache curve of evolute curve is, 
Pg g’ _ Ea — 
K =— (wo a2) +29'@») ne 
29” + | WI")? 
where coefficients are 
ee Ale Wi -= _ Wl, [w] 
@ =-2 F R mie ~), @2=-2 Sa Cy -)') 
al, wl, w, T cue 
=) rG “y+ Ta 


Definition 2.8. y (B) a curve be of æ> T, and B ^ T, be Sabban vectors of (B) . In 
1 1 
the fact 8. -Smarandache curve can be identified by 
“2 
1 
(s)=—=(T, +B AT, ) (2.51) 
Bs. B B 1 B 
Theorem 2.8. Let a be involute of œ . The geodesic curvature belonging to 
1 
s)=—=(T -N ), -Smarandache curve of involute curve is, 
b; O= -N)s Be, 
Pg i 
K? ae (2K YTT Wo tT Ws), (2.52) 
(7° +2K *)? 


where coefficients are 








E Eii Kra Laer Kini Kij 
w, = +A AD, y =-1-3 -A -A 
T T T T T T T 


1 1 1 1 1 1 1 


(2.53) 
me Ka Ku 
y =A= -U +S 
T T T 
1 1 1 
Corollary 2.8. Let a be involute of œ . The geodesic curvature curvature belonging to 
A (s) = 7 (cosgT+N-singB), p E -Smarandache curve of evolute curve is, 
Pg g“ = = = 
K, ? =— RW] -py toy), (2.54) 
' 205 
(p+ 2w? 


where coefficients are 
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(2.55) 


w w 
a Wh C 


Definition 2.9. Let (B) ae curve a of a B , T, and B AT, be Sabban vectors of (B) 
1 1 


In the fact Ê: -Smarandache curve can be identified by 
3 


1 
(s)=—=(B +T; +B AT, ) (2.56) 

Bs, J3 pm ane 
Theorem 2.9. Let a be involute of a . The geodesic curvature belonging to 

1 
Bs = Pirie -N it B ) B 5 -Smarandache curve of involute curve is, 

Pe T $ 
K,’ = $+ (2x, -T Jas C +K )G,+ OT =K )63), (2.57) 


4/2(c° HKT EKE 2)2 


where coefficients are 


6 = -2+4 =) =( > +2( 7 +( ae = 
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K 
G2 =-2+2( = 4( “Ly? 4 2( “Ly 2( ay ( ayas 3 (2.58) 
T T T T T T 


1 1 1 1 1 1 
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Corollary 2.9. Let a be involute of a. The geodesic curvature belonging to 


B ; (s)= 5 ((sing+cos@)T +N + (cos p -sin @)B), Pi -Smarandache curve of evolute curve is, 
Pe i 
K? = =s——— ~el- P'S, -('+||W|)F.+2e'-|Wps,) 259 


4/2(p" +9! w+ wh. 
where coefficients are 
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Example. Let us a a unit speed diag curve and oiii curve, respectively 


2 ae 2 1 4 
a(s) = [sin (21) - p” (8t), 00s (2) + 70°% (8t), TS (631) 


2. Ls 4 2 
a (s)= (sines - apn t8s) + atl —s)cos (5s).- 


cos(2s) + 550° (88) + (1 —s)sin (5s). —sin (3s)— : + =} 
The Frenet vectors belonging to involute curve, a are found as follows; 
T = (feos, int5s),~2) 
1 4 : 4. 1. 
N = {feos (8s)- 50s (25) sin (3s)— [sin (2s)+ z5in (8)) cos(3s), 
4. 1. . 4 1 
[- gsin(2s) + ssin(8s)] sin (3s) + cos(3s) [Zoos (2s)+ 5008 ()}0} 


B = fc0s(35)($oos(2s) : 5208(85) -sin (39) Zsin(2s) + ssin(8s))) 
cos(3s)| Ssin(2s) 7 ssin(8s)] + sin (3s)| Ze0s(2s) : Feos(8s)},$]} 


According to definitions, we reach specific Smarandache curves belonging to Sabban frame of this 


curve. £,, B2» 2. Pa» Ba» Pa» Ps» Pi, and B:, (see Figure 1,2,3). 





Figure 3: 2 g “curve B s, “curve B e, "curve 


3. Conclusion 


In this article, we reviewed the well-known involute and evolute curves in the literature. We 
have created the Sabban frames on the unit sphere of the involute and evolute curves. We got 
Smarandache curves from the Sabban frame and calculated the geodesic curvature of these 
curves. Finally, we have given an example and have driven their shapes in the Mapple program. 
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